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1 Introduction 

In this paper we study the initial trace problem for positive solutions of 

dtu - Au + g{x, t,u)^0 dans Qp ^2 x (0, T) (1.1) 

where fl is an open domain in M^, 5 e C{n X M_|_ X R) such that g{x,t, .) is nondecreasing 
V(a;, t) € ri X K and rg{x, t,r) > for all (x, t,r) £ fl x x R. Our first result establishes 
the existence of an initial trace. 

Theorem A Assume g satisfies the above conditions and that equation (jl.ip possesses a 
barrier at any z £ il. IfuE C^{Q^) is a positive solution of m.l]) . it admits an initial trace 
which belongs to the class of outer regular positive Borel measure in fl. 

The barrier assumption will be made precise later on in full generality. It is fulfilled 
if g{x,t,r) = h{x)t°' |r|''^^r with a > —1, q > 1 and h e Lf^^{il) satisfies infessft, > 
for any compact subset K C fi, or if (7 satisfies the Keller-Osserman condition, that is 
g{x,t,r) > h{r) > where h is nondecreasing and there exists a such that 



/ -j== where H{s) = / hit)dt. 

Ja ^jH[s) Jo 



(1.2) 
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The initial trace of positive solutions of exists in the following sense: there exists a 
relatively closed set iS C f2 and a positive Radon measure fi onlZ := VL\S with the following 
properties: 

(i) for any xq £ S and any e > 

lim / u{x,t)dx — oo, (1-3) 



(a) for any ( G Cc(7^) 

lim / u{x,t)({x)dx ^ / (dfi. (1.4) 
Jn Jn 

The couple (5, fi) is unique and characterizes a unique positive outer regular Borel mea- 
sure h' on Q. 

A similar notion of boundary trace has been introduced by Marcus and Veron [10] in the 
study of positive solutions of 

- Azi + m) = in fl. (1.5) 

This notion in itself has turned out to be a very usefuU tool for classifying the positive 
solutions of (11.51). 



In the second part we concentrate on the particular case of equation 

dtu - Au + t" \u\'^^^ u ^ dans (1.6) 

where T > 0, a > — 1 and q > 1. Among the most useful tools, we point out the description 
of positive solutions with an isolated singularity at (a, 0) for a S O, whenever they exist: 
they are solutions u of ((Til) in Qp, which belong to C^^^ (Qp) DC {fix [0, T)\{(a, 0)}) and 
satisfy 

u(a:,0) = in f7\{a}. (1.7) 

When a — 0, Brezis and Friedman prove in [2] that if B2R{a) C fl, then any such solution 
satisfies 

u{x,t)< ^(^'g'-^)^ y{x,t)eBn{a)\{0}x[0,T]. (1.8) 

{\x-a\'+t) 

They also prove that ifl<(7<(7jv:=l + ;^ and fc > there exist singular solutions with 
initial data u{.,0) = k6a, unique if u vanishes on dfl x [0,T]. In this range of exponents, 
Brezis, Peletier, Terman obtain in [1] the existence and uniqueness of a very singular solution 
of (jl.6p . always with a = 0: it is a positive solution in Qoo ■= under the form 



where Vq > is and satisfies 



X 

K7t 



-AVo-lv-'^Vo-^Vo + V,' = inR^ 
limi^l^^\r]\~Vo{r])^0. 
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Actually, Kamin and Peletier show that vq is the limit of the solutions Uk of (jl.6p in Qoo 
which satisfy u(.,0) = kSg. The very singular singular solution plays a fundamental role in 
Marcus and Veron's description [7] of the initial trace of positive solutions of (|1.6|) with a = 0. 
In [5], Marcus et Veron study this equation when a > and 1 < q < Qa^N = 1 H 
They obtain the existence of a self-similar solution of (I1.6P in Qoo under the form 



2(1- 



N 



Va{x,t) = t 9-1 Va 

which satisfies 



limv Jx,t) =0 Vx 7^ 

t-)-0 

and 

lim / Va{x,t)dx — CO Ve > 0. 
The function Va is nonnegative and verifies 



2- f - - ' LX 

Furthermore 



AK.-i?7.Vy„-ii^K. + V„' = 0inR^. (1.10) 



. 2(1 + °) AT -111 



=C|77|^^"'''e— (l + o(l)) as|r7|-^oo. (1.11) 



If 1 < g < Qa.N, they show that for every fc > there exists a unique solution u^Sa of (|l-6p 
in Qoo with initial data kSa- Furthermore limfc^.oo Uks^ = Va- Actually the limitation a > 
can be relaxed to a > — 1 has we will see it later on. Furthermore Qoo can be replaced by 
provided dil. is compact and smooth enough and Uks^ vanishes on dil x [0, oo). 

In this article we extend Brezis- Friedman removability result to equation (ll.6p . We also 
extend Oswald's classification of positive isolated singularities [12]. The starting point of 
our study is the following extension of estimate (jl.Sp valid for any a > — 1 and g > 1. 

uix,t)< ^i^^l^^^R)^ yix,t)€Bi,\{a}x[0,T]. (1.12) 

The obstacle for obtaining such an estimate arises when a > and the absorption term 
t"u'^ is degenerate near t = 0. We overcome this difficulty by a delicate construction of 
1-dim self-similar supersolutions. Thanks to this estimate, we obtain that the following 
classification result holds. 

Theorem B Assume 1 < q < qa.N and u G C^{Q^) D C(f2 x [0, T]\{(a, 0))}) is a solution 
of U.6]) which vanishes on Q \ {a} at t = 0. Then 

(i) either there exists k >0 such that m(.,0) = kSa and 

u{x,t) ^ kE{x ~ a,t) as (a;, t) — > (a, 0), (1-13) 

where E{x,t) — (47rt)~"^e~T^, 
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(ii) or 



u{x,t) ^ Va{x — a^t) as {x,t) ^ {a,0). 



(1.14) 



In the supercritical case the fohowing removabihty statenient holds. 

Theorem C Assume q > qa,N and u € C^((3^) n x [0, r]\{(a, 0))}) is a solution of 
il.6\) which vanishes on f2\{a} att = 0. Then u can he extended by continuity as a function 

in c{n X [o,r]). 

We prove that equation (|1.6I) admits a barrier at any z G H.. More precisely we construct 
a positive solution of (|1.6p in which tends to locally uniformly in Bfi when 

t — >■ and which blows-up uniformly on dBji x [t,oo), for any t > 0. Applying Theorem 
A, we infer that any positive solution admits an initial trace which is an outer regular Borel 
measure v « {S, ^). Using sharp parabolic Harnack inequality and a concentration principle, 
we prove the following result which is the key-stone for analyzing the behaviour of u on the 
set S. 

Theorem D Assume 1 < q < q^.N and u G C^'^{Q^) is a positive solution of il.6]) with 
initial trace {S,fi). Then for any a G S there holds 

u{x, t) > Uoo,a(a;, t) \J{x, t) e (1.15) 

where u^o.a = lhTLfc_i.oo UkS^j Uks^being the solution of lll.6\) in with initial trace k6a and 
which vanishes on dfl x [0,r]. 

It is important to notice that the behaviour of Uoo.a near (a, 0) is given by (jl.l4p and 
(jl.lip . Using (|1.15p . (|1.12p and sharp asymptotics of the function Va, we are able to prove 
the following result which extends Theorem A. 

Theorem E Assume 1 < q < qa,N o,nd O C is open with a compact boundary, 
eventually empty. Then for any couple (5, /i) where S G Q is relatively closed and fi € 
\ S), there exists a maximal positive solution u and a minimal positive solution u 
of U.6]) . which belong to C'^-^{Q^) n C(il x (0,T]), satisfy and \1.4^ and vanish on 

dVl X (0,r]. If\-ai{\z — z'\ : z & S,z' & Qf^} > and fj, is bounded in a neighborhood of dVl, 
then u — u. 



2 Initial trace 

In this section C is an open domain, ^ n x (0, T), deQ^ x {0} U 9f7 x [0, T) 
and g £ C{^1 x R+ x K). If it is defined in ft x R+, we denote hy gou the function 
(x,t) 1-^ g{x,t,u{x,t)). We say that g belongs to H (resp Hq) if 

g(x,t,r)>0 y(x,t,r) eflxR: xR+ 

+ + ^ ^2.1) 

(resp. g (z H and r i— > g(x,t^r) is nondecreasing). 

We denote by the set of Radon measures in n, and by 2)1^(17) (resp. m'''P{n)) the 

subset of Radon measures such that 



/ < oo 1 resp. / < 
Jn \ Jn 



oo 
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where p{x) := dist (x, Their positive cones are respectively ^XIt+{^l), 9Jt5j_(r2) and 

Definition 2.1 Let S be a relatively closed subset of Q and fx a Radon measure on TZ := 
f2 \<S. We say that a nonnegative function u G C{Q^) admits the couple {S,iJ,) for initial 
trace if 



lim I u{x,t)C{x)dx = / C^A* VC G Cc(7^), 

and 



n 



lirn j u{x, t)dx = 00 \IU <zVl,U open, UnS ^9 

The set S is the set of singular initial points of u and its complement TZ the set of regular 
initial points. We write trQ{u) = 

Let jl be the extension of /z as a locally bounded Borel measure. To the couple {S, jl) we 
can associate a unique outer regular Borel measure v defined by 



f ^Ecn-.E Borel, £; n <S ^ l« , , 

''^^"l KE) yEcft-.E Borel, Ecu. ^ > 



Lemma 2.1 Assume Cl is a bounded open domain with a boundary, T > 0, g G H, and 
let u e C(0 X (0,T]) be a positive solution of 

dtu - Au + gou = in Q^. (2.3) 

// gou e Lj,{Q^), then u € L°° (O, T, Lp(r2)) and there exists fi e 9Jt^(0) such that 

lim [ u(x,t)C(x)dx =[ (dfi G CJfl). (2.4) 

Jq 

Proof. If (/>i > is the first eigenfunction of —A in Wq''^ (f2) and Ai is the corresponding 
eigenvalue, we have 



d_ 
It 



u(j)idx + Xi [ u^idx-\- [ gou(j)idx+ f u^^dS = 0, 
I Jq Jq JdQ 'J^ 

where v is the normal vector. Set X = I u(j)idx, then by Hopf Lemma, 



Q 



X' + XiX+ / gou(l)idx>0 
Jq 

which yields to 

4- (e^i*X) + e-^i* / gou(j)idx > 0. 
at ^ Jq 
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For s £ {t, T) 



^ I e^i*X - / e^^" / gou(t>idxds ) > 0, 



which means that the mapping 

i-T 



t^e^^^X- [ e^i" [ gou(j>idxds 
Jt Jn 

is nondecreasing. Therefore 

e^i*X- / e^i" / gou(j)idxds <e^^^X. 



and finally 



Jt Jn 



gou (j)idxds. 



Since p ^(pi is positively bounded from above and from below, u £ L°° (0,T,Lp{n)) and 
there exists a sequence decreasing to and a measure fi G dJl'^{fl) such that 



lim^ / u{x,tn)Cdx — I (^dfi VC G Cc(r2). 



If C e C^{n) there holds 



thus 



u{x,tn)Cdx — / / {gou( — uA(^) dxdt + I u{x,T)(^dx, 
Jt„ Jn 

/ ^dfi = / / {gou(^ ~ uAC,) dxdt + I u{x,T)(^dx. 
Jn J J Q'i ' 



This implies that p, is uniquely determined and u{.,t) converges to fi in the weak sense of 
measures. □ 

Corollary 2.1 Assume ^l is an open domain, g £ Ti andu £ C^'^{Q^) is a positive solution 
of \2.4^ . Suppose that for any z £ there exists an open neighborhood U C fl such that 

^ f 

/ goudxdt < oo. 
Ju 

Then u{x,t) £ L°° (O, T, and there exists a positive Radon measure jjL on U such 

that 

lim / u{x,t)f{x)dx ^ I fd^ yf£Cc{n). 
Jn Jn 

Proof. We apply the previous lemma in replacing t/ by a ball B^{z) and conclude by a 
partition of unity. □ 

The following class of nonlinearity has been introduced by Marcus and Veron [TU] in 
order to study the boundary trace of solutions of elliptic equations. 
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Definition 2.2 A function g G T-l is a coercive nonlinearity in if, for every suhdomain 
Q! of il and every e S (0,r), the set of positive solutions of U.l]) in Q^j^ ■— ^' x (e,r) is 



uniformly bounded in compact subsets of Q^j,. 

Definition 2.3 Let z e f2. We say that equation possesses a strong barrier at z if 

there exists a number rp G (0, p(z)) such that, for every r £ (0, tq), there exists a positive 
supersolution w — Wr.z of in Br{z) x (0,T) such that 

w G C {Br{z) X [0,T)) , lim w{x,t) — oo locally uniformly if t € (0,T). (2-5) 

Lemma 2.1 Assume g € T-L is a coercive nonlinearity in Qy, then the set of solutions of 
hl.l]) in is uniformly bounded from above in every compact subset of . Furthermore, 
if g £ T-Lq, a (Z Q. is open and possesses a strong barrier at every point of z £ A, then 
the set of solutions u of hl.l]) such that u g C (A x [0, T)) and u{x, Q) = Q on A is uniformly 
bounded from above in every compact subset of Ay. [0,T). 

Proof. Let X be a compact subset of and let il' be a smooth, bounded domain of VL 
and e > such that K C Q^t Let U = Uqn' be the minimal large solution of (II. ip in 
, i.e. the limit, when fc — > oo, of solutions with Cauchy-Dirichlet data k on diQ^j. :— 
r2' X {e} U dVt' X [e, T). By the maximum principle, if w G C{Q^jC} is a solution of (II. ip . then 
u<U in Vt'. 

For the second statement, let Khe a. compact subset of A. For any z £ K there exists > 
such that for any r g (Ojr^) there exists a positive supersolution of (|l.ip in q!^''^^^ which 
satisfies (12. 5p . Since K is compact, there exist zi,...,Zp such that K C U^^j^i?^, . /2(^i)- 

^2r^ /3 (-Sj ) 

For any j G {!,..., p} we denote by vuj the supersolution in Qrp ^ . By comparison 
principle, there holds 

u{x,t) < snp{wj{x,t) : (x,t) € B^^^./2(zj) x (0,r)} := M^, (2.6) 

for {x,t) £ Q^''''^^^'''\ Therefore u<M = max^^i^.^p Af,- in K x (0,T). □ 

Lemma 2.2 Let g E H and u E C^'^{QS^) be a positive solution of M.l]) and suppose z E^ 
is such that 

T f 

goudxdt = oo Ve > 0. (2.7) 

Bc{z)nn 

Suppose that at least one of the following sets (i) or (ii) of conditions holds: 

(i) There exists an open neighborhood U' <ZQ, of z such that u E L^{U' x (0,T)). 

(ii) The following hold: 

1- 9^ Ho, 

2- il.l]) possesses a strong barrier at z. 
Then, 

lim/ u{x,t)dx ^oo Ve > 0. (2.8) 



t->-o 



B,(z)nn 



7 



Proof. Assume that fl is bounded. First consider the case when condition (i). holds. Let 
(j) G C^'^ {U' X [0,r)) with compact support in U' x [0,T) and such that 0(a;,O) = 1 in a 
neighborhood of z. Then 

T 

{u{-(t)t- A(f>)+gou(j))dxdt^ I u{t)(j>dx - I u{T)4)dx. (2.9) 



t JU' JU' Ju 



By assumption / / u{4>t + A(j))dxdt is bounded. We let t tend to 0, the result follows 

Jt JU' 



from ([277| . 

Next we assume that condition (ii) holds, u ^ L^{U' x (0, T)) for any neighborhood U' 
of z and that the conclusion is not valid. Thus there exist r* > 0, such that Br* (z) C Uz 
and a sequence decreasing to such that 

u{x, tn)dx < M 

for some M > 0. Furthermore g is coercive in Br*{z) x (0,T). Let C C°°{Q^) an 

increasing sequence with respect to k and n of nonnegative functions such that ft.„jt = on 
Br*{z) X {0}, < hn^k < and hn^k ~ k on {tn,T) x dBr'{z). Let be the solution 

of (11.11) in Br'{z) X (0,T) such that Wh„ ^ — hn^k on dgQj,''' . By the maximum principle 
and condition (ii)-l, the sequence {w/i„ j,} is monotone increasing with respect to k and 
n. Condition (ii)-2 implies that, for every r < r* and 13 < T, the sequence is bounded in 
Br{z) X [0, /3], and since u is locally bounded in QSj^ there exists k = k{n) such that fc > m on 
(t„, T) X dBr(z) and fc(r7,) — >■ oo when n oo. Then w = lim„_s.oo Wh„ ^ is a solution of (jl.ip 
which blows up on dBr* (z) x (0, T) and vanishes on Br* (z) x {0}. Let Vn be the solution of 
the heat equation in Br*{z) x (tn,T) such that v„(.,t„) = u{.,t„) in Br-{z) and w„ = on 
dBr'{z) X {tn,T). Then w/i^ ^^^^ + i;„ is a supersolution of (|l.ip in i3r*(2:) x {tn,T) which 

dominates u on diQf"''^^^\ By the maximum principle. 



U < Wh^ ,^^^^ + Vn m QtJ^T ■ 



And we have in particular 



u{x,t)dx < / (wfi^ ^^^^ + Vn) {x,t)dx < M + / w{x,t)dx ViG(i„,T). 

JBr(z) " JBr(z) 

Since it holds for any n, it implies u G L^(Q^'^^^''), which leads to a contradiction. □ 

Example 1. If g(x, t, r) = fe(a;, t)h{r) where 6 is a Borel function defined in which satisfies 
inf ess {6(a;)x G K} ~ bn > 0, h is continuous, nondecreasing and h{0) > 0, then 

ut-Au + h{u)^0 (2.10) 

possesses a strong barrier at any z G if and only if h satisfies the Keller-Osserman condi- 
tion, that is there exists some a > such that 

/ ^ < OO where H{s) = / h{T)dT. (2.11) 

J a \/H{s) Jo 
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The supersolution can be chosen to be the maximal sohition (jjr of the eUiptic equation 

- A0 + %^(^)/i(0) = inBriz). (2.12) 

If we assume moreover that h is super-additive, i.e. h{a + b) > h{a) + h{b) for aU a,b > 0, 
then there holds 

ds 

— <(X), (2.13) 
a ri{-V 

and any solution u of (|2.10l) is dominated in Q^' *'^'' by (l)r{x) + ^p{t) where ■0 is defined by 
inversion from 

f°° ds 

, fro Vt > 0. 

/v(t) 



Example 2. If g{x,t,r) = a{x)h{t)h{r) where a G C(fi), & e C((0,r)), a, & > 0, then 5 is a 
coercive nonlinearity if h is super-additive and satisfies the Keller-Osserman condition. This 
is not sufficient for the existence of a barrier as it is shown in [9 with h{r) = r'^ [q > 1) 
a = 1 and b{t) — e^* . 

Proposition 2.2 Let g G Ha such that at any z G J7 there exists a strong harrier. We 
assume also 

g{x, t, a) -I- g{x, t, b) < g{x, t,a -\-b) V(a;, t, a, b) G xR+x M+. (2.14) 

Let {un} be a sequence of positive solutions of il.l]) which converges to u locally uniformly 
in Q^. Denote by trfi{un) = (iS„,/i„) and tri^{u) — (5, /i) their respective initial trace. If 
A C nn'R-n is open and if fJ-ni-An) remains bounded independently of n G N, then A d TZ := 

n\s. 

Proof. Let z G A and f G {0,p{z)) such that for any r G (0,f] there exists a positive 
supersolution Wr^z satisfying (12.51) and Bf{z) C A. For any n G N and r G (0,T), we denote 
by Ur,Xg ( solution of 

dtu — Au + go u — in Bf.{z) x (t, T) 

"(•,t) = XB-(,)'«n(-,T) inB^:(z) (2.15) 

u = in dBf{z) x {t,T). 

By the maximum principle Ur.^^ ^ — ™ B,~{z) x {t,T), and 5 o Ur.x^ ^ ^p.^ l£ g ° Un 
Furthermore, if C G C^'^'^{Q^^^^^) vanishes on dBf{z) x [0,T) and for t = T, there holds 

{^'^r,x„ , ,ti^A9tC,+ AQ+Cg^Ur,^^ , ,ti^S]dxdt^ / Un{x,T)C,{x,T)dx. 
Briz)x{T.T) ^ ^ JBf.(z) 

(2.16) 

Since Ur.x^ ^ a-nd 5 o Ut.Xj^ ^ ^re bounded independently of r, standard regularity 
theory for parabolic equations implies that they converge a.e. in Bf{z) x (0,T) when r — > 
to Wv ij and q o ,, . Furthermore 

lim / Un{x,T)C,{x,T)dx ^ I C{x,0)diJ.n{x). 
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Using the dominated convergence theorem, it follows from (I2.15|) that 



Bf{z 



and u^^ ^ ^fj_^ is the (unique) solution of 



dtu — Au + g o u ~ in Q^' *-^-* 

^^(•'0) -XB,(.)Mn in Bf{z) (2.18) 

u = in dBf{z) X {0,T). 

Furthermore, if rj is the solution of the backward problem 

dtV + Ar] = -l iuQ^^^") 

7?(.,r)=0 in Bf{z) (2.19) 

Tj^O in dBf{z) X {0,T), 



there holds 



(.) = / ri{x,0)dfin{x) < M, (2.20) 



for some A/ > independent of n. Next we set :— Utx^ m„ +'f^r,z- It is a supersolution 
of (|2.10p in (t, T) x Bf{z) which is infinite on dBf{z) x [r, T) and dominates m„ in Bf{z) at 
t = T. Thus Zt-,„ > u„ in {t,T) x Bf{z). Letting r — >■ we finally obtain 

"xb^(.)^"^^'^) - ""(^'*) - + Wf,z(x,t) V(a;,i) e Q^"^^^ (2.21) 

For any r < f and T' < T, there exists 5, ct > such that ri{x, t) > S and Wf_z{x, t) < a for 

all (x,t) g Q^r ^ It follows from (I^T^ . (P?^ and Fatou's lemma that u and g o u are 

integrable in L^(Q^r^^^). By Lemma f2.1i Br'{z) C TZ. Since it holds for any z <E A, the 
result is proved. □ 

3 Construction of a barrier 

In the next results we construct the barrier function 

Lemma 3.1 Assume a > —1 and q > I, then there exists a unique positive function Wa G 
C^([0,oo)) satisfying 

W" + -W' + ^-^W -Wi in(0,oo) 
2 9—1 

lim^^o iy(r) = cx) (3.1) 
lim r'^Wir) = 0. 

r— ^oo 

Furthermore Wa is decreasing and 

Wa{r) = Cr^^^-^e-'^{l + o{l)) as r ^ oo. (3.2) 
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Proof. Consider the functional 

J(^):4^°"(0'^-i±f0^ + ^|,r)e4rf. (3.3) 

defined over the convex set 

Hk := {(t) £ VF2^(0,cx);eTdr) ni«+i(0,oo;e'rdr) : 0(0) = k}. 
Note that if e iJfc, 

eT02(j.) ^ / (eT02(s)y^5 

e -1 (j)(l)'{s)ds + se 4 (/)2(s)ds. 

In this set J admits a positive minimizer Wfe which is the unique solution of 

r 1 -\- d 

w" H — w H w' — w"^ = in (0, oo) 

2 g-1 (3.4) 

u;(0) = fc. 

Furthermore, Wfc = hm„_^oo Wk,n where 'Wk,n is the unique positive solution of 

w" + -w' + ^^^ w-w'i = in(0,n) 
2 9—1 

w;(0) = fc (3.5) 
w{n) — 0. 

and, by the maximum principle, (fc, n) i— > is increasing. If we consider the linear 

equation 

z" + + l±^z = in(0,oo), (3.6) 
2 9 — 1 

it admits two linearly independent positive solutions zi and Z2 with the following asymptotic 
behaviour as r — >■ cx) 

zi(r) =r-^^(l + o(l)) (3.7) 

and 

Z2(r) =r^^r^-^e-'r(l + o(l)) (3.8) 

(see [H Appendix]. Since any solution of I3.4[ and 13.51 as well, satisfies an a priori estimate 
of Keller-Osserman type (see [T5] ) 

M;(r)<Cr"^ for < r < 1, (3.9) 

there holds 

U!k,n < Cz2{r) for k >r > 1. 
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Letting n and k go to infinity successively, it follows that Wa — linifc.„_>.oo Wk,n exists. It is 
a positive solution of problem (13.11) and it satisfies 



for r > 0. 



The singular behaviour at r = is standard (see e.g. [16]) and yields to 

WJr) = ^'-'^^^.] r~^(l + o(l)) asr^O. (3.10) 
{q - ly 

Thus uniqueness follows by the maximum principle and estimates p.3p is obtained via 

standard linearization, using the upper estimate at infinity. □ 

In the sequel we set 

Wc{s,t) ^r^Wa (^-^^ Vs>0, t>0. (3.11) 

Proposition 3.2 Assume a > — 1 and q > 1. Then for any R > 0, there exists C = 
C{q,a,R) > such that any solution u of \1.6]) in which vanishes on Bj^ x {Q}satisfies 

u{x,t)<2Nt-"^Wa.(^^^ V(x,t)GQ^«. (3.12) 

Proof. For m > 0, set — {x — (xi, xat) : \xj\ < m, Vj = 1, N}. For R' < R 

N 

WR,{x,t)^t-^Y.{^'-{^^) +^'-{^^)) V(x,i)GQl"'. (3.13) 



Then wr' is a supersolution of (jl.6l) in Q^' which is infinite on DSr' x (0, oo), thus u < wn' . 
Letting R' R yields to u < wn in Q^. Since the equation is invariant by rotation, for 
any x € Br, there is a rotation TZ such that TZ{x) has only a positive xi- coordinate. Thus 

u{x,t) < wr{\x\ ,t) 

< t-'^ {w^ («^) + (2iV - 1)T4^„ (^)) (3.14) 

< 2Nt-^W^ {^W^) ' 

which is p.l2[) since = □ 

Proposition 3.3 Assume a > —\, q > \ and R > 0. Then there exists a unique positive 
solution wbji of in , continuous in Br x [0,oo), which vanishes on Br x {0} and 

satisfies lim|j.|_j.;j (x, t) — oo, locally uniformly in (0, oo). In particular 



o (^) < WBA^.t) < 2Nt~^W^ («^) y{x,t) e Qg-. (3.15) 
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Proof. For fc > 0, let be the solution of 

dfU - Au + rit? = in 

u — k in 9£ 

m(.,0) = in Br 



u^k in diQg'' (3.16) 



By ([3J21) . w%Jx,t) < 2Nt [^-^)- There there exists wb„ = limfc_+oo and 

is a solution of (|1.6I) in Q^" which vanishes on _Bij x {0} and is infinite on DBr x (0, oo). 
Consider the similarity transformation which leaves equation (jl.6p invariant 

T,n[u]{x, t) = m 9-1 uiy/mx, mt) Vm > 0, 
then Tn^Wg^] = w^"" which implies 

T'm[wBH] = WB_a_ Vm > 0. 

If w e C{Bfi X [0, oo)) is any positive solution of problem 

dtu - Aw + ==0 in 

lim u(a;,t)=oo locally uniformly on (0, oo) ('3 17) 

m(.,0)=0 in Br, 

then for any m > 1 and e > 0, there exists > such that u(a;, i) < e in -B_^ for < t < t^- 
Therefore, for any T > 0, 



M < e + iub h on diQrj. U x {0} 

B R 

Since e + Wb ^ is a supersolution u < e + wb „ in Qrp^ . Letting e — ^ 0, m — > 1 and 
T — >■ oo yields to u < wbr- In the same way, with < to < 1, we obtain u>WBa- ^ 
The next estimate is an immediate consequence of Proposition 13. 21 

Proposition 3.4 Assume a > —1, q > 1 and K G Q is compact. Let u he any solution u 
of 1 in QJ^ which vanishes on \ {K} x {0} and on dVl x [0, oo), then 

u{x,t) < 2Nt~^Wa ( ^^'^J?'"^^ ) . (3.18) 



4 Upper estimates 

We start with the following upper estimate already obtained by Shishkov and Veron [T3] in 
the case a> 0. 
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Proposition 4.1 Let q > I and a > —1. Ifu is a solution of HI. 6]) vanishing on dfl x [0, T), 
there holds 



u{x,t) < Cat 9-1 for all {x,t) e Qrf, (4.1) 



with 



Proof. Let (j){t) — Cat be the maximal solution of 

^' + = 

(/)(0) = oo. 

with c„ = (|±i)^. 

Case a > 0. For r > 0, we denote by the solution of 

-A$i,^ + r"$f^ = in Bi 
lim $1 r(x) — oo, 

(4.2) 

and for R> 

Note that ^r^t{x) is the solution of the problem ()4.2p in the ball The function $/j,t 
tends to uniformly on every compact set of M.^ when i? — > oo. Set 

V{x,t) ^(f){t-T)+<^>R^r (x), 

thus -5 is a supersolution of (II. 6p in Br x [r, T) which is infinite on dBn x [t, T) U Br x {0}. 
Then ?i(a;,t) < v{x,t). Letting i? — > oo and r — > 0, we obtain 

u{x,t) < Cat^'^ for all (a;,t) £ Qt- 

Case -1 < a < 0. Let T > and (j)r{t) = Ca - r"+i)"'^ be the solution of 

+t"(/)? = on(T,oo) 
0^(t) = oo 

If $i,T is the solution of (|4.2p with t — T, we set 

$i?,T(a;) = i?^$i,T (^) . 
Clearly $fl^T tends to uniformly on every compact of when R oo. Set 

v{x,t) = (t>r{t) + '^R,Tix), 

V is a supersolution of (|1.6p in Br x (t, T), thus it(j:, t) < v{x, t), as in the first case. Letting 
i? — 7> oo and r — > 0, we obtain the desired estimate. □ 

Combining Proposition 13.21 and Proposition 14. II we obtain, 



14 



Corollary 4.2 Assume q > 1, a > —1 and K C is compact. If u € C'^'^{Q^) n C{Qrp \ 
K X {0}) is a solution of which vanishes on dQ x [0, T) U {{fl \ K) x {0}}, there holds 



( dist {x, K) 



u{x, t) < min { 2NWa (^ "'""^'"^ ] ,Ca} for all (x, t) G Qp. (4.3) 



In the particular case where K — {O}, {4-9^ yields to 



u(a;,t) <min<j2W„ ( ^ ) ,caj>i-t^ < ^^-^r^ for all {x,t) e Q^^^, (4.4) 



(l^l'+t)' 



/or some ci = ci(a,q) > 0. 



Remark. If $7 is replaced by , the previous estimates (|4.1I) , (14. 3p and (|4.4I) remain valid. 
Furthermore, iiT needs only to be closed. 

5 Isolated singularities 

In this section we present the results of classification of isolated singularities of positive 
solutions of (|1.6p . always in the range q > 1 and a > — 1. Since some proofs are some- 
what similar to the ones of [2^ for the removability of isolated singularities, or ^8^ for the 
classification of positive isolated boundary singularities of solutions of 

dtu - Au + lul"^^^ u ^ inQ?, (5.1) 

we will essentially indicate their main ideas. If we look for solution of (|1.6p in Qt 
under the form 

it is immediate that 7 — and is a solution of 

- Ay- |.v^- + = IuR^. (5.2) 

It is proved by Escobedo and Kavian [4] that if > equivalently if 

l<q<q,,^:=l + ^^l±^, (5.3) 
there exists a positive solution of (j5.2l) which minimizes of the functional 

u;^Jiu):^lf f\Vujf-l±^u' + ^\^\^+Ae'^drj, (5.4) 

over the space W^''^{M.^ ; Qdrj) where Q{t]) = e^^. The minimizer Va is unique, radial and 
satisfies (|5.2p . Furthermore, by adapting the results of [1 , it is easy to show that Va is the 
unique positive function which satisfies (|5.2p and 



lini|^|^oo|ry|^n^) =0, (5.5) 
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and that there holds (see P Th 2.1] 



V'„(r;) = C|r?|^^"^e-T-(l + o(l)) as oo. (5.6) 
The function 

v^{x,t)=t-^Va(^-^^ (5.7) 

is a positive solution of (|1.6p in Qoo, continuous in \ {(0, 0)}; it vanishes on x {0} \ 
{(0,0)} and satisfies 

lim / Va{x, t)dx = oo Ve > 0. (5-8) 



t-i-O ^ 

It is called the very singular solution of lll.6\) . 

When is replaced by a a proper open domain fl with a compact boundary there 
exists no self-similar solution to (|1.6p . For any fc > and a G V. there exists a unique 
solution u := UkSa to the initial value problem 

dtu - Am + ru« = in 

u = on917x[0,oo) (5.9) 

u{., 0) = fc(5a in n. 

(see e.g. [5]). The function u belongs to L'^{Q^;t°'dxdt) n L^{Qt), T > arbitrary, and 
satisfies 

J j i-u (dtC + AC) + i"w*C) dxdt = kC{a) (5.10) 

for all C € Ci'i'i(Qj.) which vanishes on dn x [0, T] and on f2 X {T}. It is unique in the class 
of of weak solutions, i.e. the functions belonging to L'^{Q^; t"dxdt) H L^{Q^) and satisfying 
the above identity. When k — oo, Uks^ t UooS^j where UooSa '■— "oo,a is a solution of (|1.6p in 
which vanishes on dfl x [0, oo) and on x {0} \ {(a, 0)} and satisfies (|5.8p . Finally, if 

E{x,t) — (47rt)~Te~'T^ denotes the heat kernel in R^, 

UkSa kE(x — a, t) when (x, t) (a, 0) (S-H) 

and 



^^(a; — a, i) when (x, t) — > (a, 0). (5-12) 



The following classification of isolated singularities holds. 

Theorem 5.1 Assume a > —1, 1 < q < Qc.a o-nd a G il. If u G \ {(a,0)} is a positive 
solution of lll.6\) which vanishes on Q x {0} \ {(a,0)}, then 

(i) either there exists k >0 such that 

u{x,t) ^ kE{x — a^t) w/ien (a;, i) — !■ (a, 0), (5.13) 
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and u is a solution of 

dtu- Au + t"ui ^0 inQ^ , , 

w(.,0) = Ma inn, ^ ' 

(a) or 

u{x,t) ^ Va{x — a,t) when {x,t) ^ {a,0), (5.15) 

and u satisfies h5.8\) . 

Proof. The initial trace irn (u) is a Borel measure concentrated at a and either it is of the 
form ({0},fc(5a) for some fc > or of the form ({a},0). In the first case t"u'^ £ L^{Qp'^''^) 
for any < r < p{a). For t > we set mr{t) = max{'u(a::, r) : {x,t) g diQf''^'^^}, 
er{t) = max{£^(a;,T) : {x,t) G diQf'''""'^}. We denote by 6r the solution of 

dr&r - AOr =0 in g^"^"^ 

e^(a;,0) = inB^(a) 
Qr{x,t)^l in deQ^'^'^^ 

and ^ 

*(a;,t)=/ / E{x - y,t- s)s°'u'>{y,s)dyds. 

J a J Br{a) 

Then 

kE{x -a,t) - ^'(a;, t) - 6^(^)6^(2;, t) < u{x, t) < kE{x - a,t) + mr{t)Qr{x, t). (5.16) 

Using the expHcit expression of the Cauchy-Dirichlet heat kernel in B^, one can easily check 
that limf_>.o Qr{x,t) — 0, uniformly on compact subsets of Br{a). Furthermore 

'^{x,t) <2i-^ [ [ E{x-y,t-s)s°'{kiE'i{y-a,s)+m'i{s)Ql{y,s))dyd. 



■"■"l^^^^ ' " ' " " (5.17) 
< 2'?-ifc« / / E{x~y,t~ s)s°'Ei{y-a,s)dyds + o{l), 

J a J Br(a) 

since the second term in the integral is bounded. Furthermore the first term of the right- 
hand side of (I5.17P converges to in L^{Br{a)) when i — 0. Since y 1— > E'^{y—a, s) is radially 

decreasing with respect to a, it implies that / / E{x — y,t — s)s'^E'^{y — a, s)dyds is 

Jo JB^{a) 

maximal at x = and therefore '^{x, t) — > 0, uniformly in Br{a). It follows from (|5.16p that 
\u{x,t) ~ kE{x - a,t)\ ^ wheni^O, (5.18) 

uniformly on compact subsets of Br (a), for any r < p{a). 

Next we assume that tra{u) = ({a},0), and without loss of generality, we can suppose 
that a = and set Br = Br{0)- Then 

Uoo,0 — mr{t)Qr{x, t) < u{x, t) \f{x,t)eQg^, (5.19) 
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where Uoo,o = hmfc_>oo UkSoi S'Hd u-kSo is the solution of (|1.6p in Qoo with initial data k6o. 
Although estimate (j5.19p is proved in Theorem l6.21 in next section, its proof does not require 
any element of the proof of the present theorem. Moreover, for any < e < r, 

u{x,t) <V,+mrit)erix,t) y{x,t)eQ^, (5.20) 

where is the limit, when £ — > oo of the solutions Vi_c of (jl.6p in Q^o which has initial 



. l + Q 



data TOx_ . Consider the similarity transformation Tm[(j)\{x,t) — m 9-1 -L) {rn > 0) 

which leaves (I1.6P and Q^c invariant, then, by uniqueness 



and 



Tm[uk,o] = u N_i±^ (5-21) 

m 2 9-1 k,0 



T^[Ve,,] = V _ . (5.22) 



Letting k,i ^ 00 and e — >■ 0, we obtain that, for any m > 0, 

T'm[Uoo,o] = Moo.O (5.23) 

and 

TM]^Vo. (5.24) 

Therefore Woo.o ^-nd Vq are positive self-similar solutions of (jl.6|) in with initial trace 
({0},0). Then they coincide with the function defined in (I5.7p . The result follows from 
this equality since (|5.19p . jointly with (j5.20p . implies 

t) <Vc,{x,t)+mr{t)er{x,t) \f{x,t)eQ^\ (5.25) 

□ 

If g > gc,a there holds the following result which extends Brezis and Friedman's classical 
one. 

Theorem 5.2 Assume a > —1, q > qc_a md a G 51. If u £ \ {(a,0)} is a positive 
solution of lll.6\) which vanishes onQx {0}\{(a, 0)}, then it can be extended as a continuous 
function u which vanishes on D, x {0}. 

Proof. Up to modifying a few parameters the proof is similar to Brezis-Friedman's construc- 
tion. The first step is to prove that u e L'^{Q^'^) for some i? > 0. This is done by using 
()4.4p and the same test function used in [2] . As a consequence we obtain that u satisfies 



lim / u{x,t)C{x)dx = VC e C^{^). 
Finally the extension of u by zero at i = satisfies the equation in i7 x [0, T). □ 

N I ^ I 

Remark. We recall that E{x,t) — (Ant)^ ^ e~ . Then if 1 < r < gc,a, there holds 

E'' {x, t)^ dxdt <oo, (5.26) 



while if r > 

E'' {x,t)t" dxdt ^ oo. (5.27) 



I I Qj 
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6 The trace theorem 



In all this section we assume that C K is an open domain with a compact C boundary, 
a > — 1 and 1 < g < gc,a, and let u S C{Q x (0,T]) be a positive solution of (11.61) in 
which vanishes on dfl x (0,r]. By Section 2 u possesses an initial trace trn{u) = 
where iS is a relatively closed subset of and ^ is a Radon measure on TZ := il\S. To this 
couple we can associate a unique outer regular Borel measure v defined by 

for any Borel subset E oiQ.. Conversely, to any outer Borel measure on we can associate 
the regular set TZ C which is the set of points y £ r2 which possess an open neighborhood 
Oy such that v{Oy) < oo. Clearly TZ is open and the restriction of to 7?, is a positive 
Radon measure. The set S — ft\Ti is relatively closed and it is the singular part of z/. It has 
the property that i^iE) — oo for any Borel set E such that E O S ^ (d. We shall denote by 
*8''^s(n) the set of outer regular Borel measures in and by *8J!'^f (fi) the subset of 53'''^^ (il) 
for which 5 is a compact subset of fl. Thus u is a solution of the following problem, 

dtu - Au + t"u'i = inQ^ 

M>0, M = on9Ox[0,T) (6.2) 

Definition 6.1 We denote by Us,fi{Q) the set of solutions of problem h6.2\) . 

The first step in the characterization of the singular set is the following delicate lower 
estimate. 

Theorem 6.2 Let u G Us^^ii^) and a E S, then 

u{x,t) > Uoo,a{.X,t). (6.3) 

Furthermore, if S has a nonempty interior A, there holds 



Imxti-^ u(x^t) ~ Ca, (6.4) 



uniformly on compact subsets of A. 



We first give a proof of (|6.3p in the case where either — 1<Q!<0, ora>0 and 
1 < g < Qcfi. 

Proposition 6.3 Assume either —1 < a < and \ < q < Qca, or a > and 1 < q < Qcq, 
then inequality i6.3\) holds. 

Proof. For any e > 0, there holds 

lim / u{x, t)dx = oo. (6.5) 



B,{a) 
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If fc > is fixed, and {i„} is a sequence decreasing to 0. There exists such that 

tni)dx > fc, 



and there exists m = mi(fc) such that 



mi(fc) A u{x, tn^)dx — fc, 

-82-1(0) 

where A l\ B = inf{yl, B}. Assume we have constructed < in^-i and mj{k) > such 
that 

/ mj{k) A u{x,tn-)dx ~ k. 

Since (|6.5p holds with e = 2^^^^, there exists ^nj+i < tuj such that 

M(a;, i„j. )dx > fc. 
and thus mj+i(fc) > such that 

mj+i(k) A — fc. 



X, 



'Sa-j-i (a) 

Next we denote by the solution of 

dtu - Am + Pit9 = in X (i„^. , T) 

M^O on X [t„^. , T) (6.6) 

u{;tnj) = mj+i(fc) A u(.,t„^^J in fi. 

By the maximum principle Uj < u in $7 x [tn. , T), or equivalently t-\-tn- ) < it(a;, t + tn. ) 
in . Clearly 

Uj^o u{.,tn-) kSa as J — 00 

in the weak sense of measures. In order to prove that Uj converges to Uks^ we notice that 
Uj{x,t + tnj) < E* Ujfi{x,t) in Q^^- If -1 < a < and r e {l,qc,a) 



u'j{x,t + t„^){t + t„^)°'dxdt < {E* Uj,oYix,t){t + t„^)"dxdt 

I J J Qt 

< h].o\\li I I E''{x,t)t°'dxdt, 



Qt 

using Young's inequality and (|5.26p . If a > and r e (l,qc,o) 



u'Ax,t + tr,^){t + tn,)°'dxdt < 2"T" / / {E *UjQY{x,t)dxdt 

Qt 



< 2"T" ||Mj-o|lii / / E'-{x,t)dxdt 
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Furthermore, for s G {l,qc,o) 

/ / u^Jx,t + tn.)dxdt < / / {E * Uj oY{x,t)dxdt 
J J QS^ J Jqt 

< IKoWli 1 1 E'{x,t)dxdt. 

J J Qt 

Thus the sets of functions ■ + inj)(- + ^nj)°'} and . + i„^)} are uniformly integrable 

in L^{Q^). Since uj satisfies 

(—Uj{x, t + i„ . )(atC + AC) + (i + t„,)"uj(a;,t + t„JC)da;dt= u.^oQdx (6.7) 

for any test function C, € C^'^'^{Q^) vanishing on 90 x [0,T] U O x {T} and converges a.e. 
in to some u* when j — )• oo, it follows by Vitali's theorem that 

{-V {dtC, + AC) + f"u«C) (^^t^* = K{a) (6.8) 

thus u* = Uks^ by uniqueness, which implies the claim since u> u*. □ 

When a > and gc,o < Q < Qc,a, this argument cannot work since the sequence Ujfi 
could concentrate too quickly with respect to t to a Dirac mass and isolated singularities 
are removable for solutions of 

dtu - Au + cu'^ 0. 

We develop below a proof valid for any a > —1 and 1 < g < qc,a, which is based upon the 
parabolic Harnack inequality and shows that such a fast concentration never occurs. 

Lemma 6.4 Assume a > —1 and 1 < q < qc,a- Let {(a;„,i„)} C he a sequence 

converging to (a, 0) and i> 0. Put Vn = B^^^{xn) and suppose that there exist nonnegative 

" - — 

functions hn € L°°(M ) with support in Vn such that < /i„ < cit„ ^ and 

hn ^ Mo. (6.9) 

Then the solutions Un of 

dtu - Au + t^ui = innx {tn,T) 

u = ondnx[tn,T) (6.10) 

u{.,tn) = hn infl, 

satisfy Un — >■ UkSa when oo. 

— K 

Proof. The estimate /i„ < ctn ^ Xvn ^® written under the form 

hn{x) < C2E{x - Xn,tn)Xvn 

where C2 = (47r)'^e3ci. By the maximum principle 

Un{x, t) < C2E{x — Xn,t) in O X {tn, Oo). 
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By (|5.26p . (|5.27p . the sequences a;„, .)t°'} and {E{. — Xn, ■)} are uniformly integrable in 

Q^, therefore, if we extend m„ by zero in Qf^ and denote by Un the extended function defined 
in Qy, we infer that the sequences {i"^^} and are uniformly integrable in Q^. Using 
standard regularity estimates there exists a function u* defined in and a subsequence 
Un- such that u„. u* locally uniformly in Q^. It follows by uniform integrability and 
Vitali's convergence theorem that 

u* in i«(Q?; edxdt) r\L^{Q^). 
Let C e Ci'i'i(Q?) vanishing on 9^2 x [0, T] U 17 x {T}, then 

(-ii«,(9*C + AC) +i"<^C) rf2;rfi = jj:{.,U,)Kdx. 
Using the previous convergence results and the assumption (|6.9p . we derive 

{~u*{dtC, + AC) + t"u*''C) da;rfi = K{a). 
Thus u* = and Un — Ufe5„ locally uniformly in Qp. □ 



any fJ' C 12 C f/iere exists a constant C — C{N, q, a, Q') > smc/i that 



Lemma 6.5 Let u be a positive solution of il.6]) in vanishing on dil x [0, T). Then for 



u{y,s) < u{x,t)e^\ ^^^V V(a;, i), (y, s) G Q?', s < t. (6.11) 

Proof By (gH]), F(a;,i) := i"?/?^! < c^^^t"^ If we write ((TH) under the form 

dtu- Au + V{x,t)u = in (6.12) 

it follows (|6.1ip from parabolic Harnack inequality (see e.g. [5] Lemma 3.16] although the 
result is much older). □ 

If G C is a bounded open subset, we denote by 0g is the first eigenfunction of —A 
in Wq''^{G) normalized by swp4'G — 1 with corresponding eigenvalue Ac- 
Lemma 6.6 Let G C be a bounded open subset with a smooth boundary ui £ C^lQj^), 
uj > 0, such that 



M;t)\\L^iG)dt<^- (6.13) 
If V G C^''^(G X (0,r]) is a positive solution of 

dtV-Av + ujv^O inQ^, (6.14) 
then v(j)G G L^{Q^), ujvcj^Q G L^{Q^) and there exists /i G 971+ (G) such that 

lim / v(x,t)C{x)dx = [ Cdn VCg Gc(G). (6.15) 
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Proof. Set j{t) = Denote X{t) = J^v{x,t)(j)G{x)dx. Then, from (ICTi)) . 

X' + AG^ + 7(i)^ > 

This imphes that the function 

(which exists thanks to (16.13^ ) is nondecreasing. Therefore there exists ^(0) = hnif^o X{t) 
and vcpG € L^{Q'f). Furthermore, if we set Y{t) = jQv{x,t)(f>Q{x)dx 

Since V(/)g is bounded and v4>g G L^{Q^), it imphes 
f.3tXGY(T)+ [ e^*^^ / a;(a;,t)u(x,i)(?!)^dxdt = r(0) + 6 / e^*^^ / 0g |V0G|^)wda;di, 



which imphes that uJV(j)Q e L^{Q'f). The argument given in the proof of Lemma l2.ll shows 
that V admits an initial trace which belongs to 971+ (G). □ 

Proof of Theorem \6.2[ We define the parabolic distance in x R by 



dp{{x,t),{y,s)) = \J \x - + \t - s\. 
Step 1. We first prove that if u satisfies 



limsup t u{x,t) < co^ (6.16) 

dp{{x,i)){afl))^0 



then a G TZ{u). If ()6.16p holds there exists e, c > such that 



u{x,t) < y{x,t) s.t. \J\x-a\^ +t < e. 

If we set ui{x,t) = t"u'^~-^{x,t), then 

2 

uj{x, t) < c^-i^ V(x, t) e (a) X (0, 

Since q < qc,a, then ) — a < 1; thus the assumptions of Lemma 16.61 are fulfilled and 

there exists a positive Radon measure /i in (a) such that 

I u{x,t)C{x)dx 1 (d^ when t ^ 0, VC G C^{B^{a)). 
Jn Jn ^ 

Furthermore t^u^ e L^{B^{a) x (0,r)), which is the claim. 
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Step 2. Since a e S{u), there holds 

N 

hmsup t^u{x,t) = 00. (6-17) 

dp{{x,t))(a,0))^Q 

Then there exists a sequence {(a;„, Sn)} converging to (a, 0) such that 

_ N_ 

u{Xn,tn) >ntn^. (6.18) 

We apply Lemma 16.51 with s — s„, t = 2s„ := y — Xn \x — x„| < y^s^. Then 
u{x,tn) > Cntn ^ Vx e B^(Xn)- 

2 

This implies 

/ u{x,tn)dx > Cnu. 
JV„ 

For k < n fixed, we denote by v := the solution of 

dtv - Av + t°'v'' = inrJx(t„,oo) 

t' = in dil X (i„, oo) (6.19) 

v{.,tn) = Cfctn ^ xv„ in f2. 

By the maximum principle u > Vn_k in x (t„, oo). Furthermore 

v{., tn)dx — Cnk. 



Thus v{.,tn) CisikSa in the weak sense of measures. It follows from Lemma 16.41 that 
Vn,k ucj^kSa. locally uniformly in Q^. Therefore u > ucj^kSa. in Qt- Since k is arbitrary, 
we obtain (|6.3p . 

Step 3. Formula dHU) holds. Denote by S',„(a) = {x e : \xj \ < m}. USnia) C S, the 
function 

_ l+Q 

{x,t) 1-^ Ca{t — t) 1-^ + WBji{x — a,t — t) 

is a supersolution of (|1.6p in Sii{a) x (r, oo) which is infinite on SR{a) x {T}u95fl(a) x [r, cx)) 
by Proposition 13. 3[ while u is finite, thus it dominates u in S'fl(a) x (r, oo). Letting r — ;> 
yields to 

w(x,i) < c„t"^ +u;B^(x-a,t) y{x,t) e Q'^^^^K (6.20) 
Conversely, the function 

(x, <) 1—^ u(x, i — t) + ws;, (x — a, i — r) 

is a supersolution in S'/j(a) x (t, oo) which dominates Cat^ <j-i on Sii{a) x {r} U dSR{a) x 
[r, oo), thus as above, we obtain (|6.20p . Since 

lim WBn (x — a,t) =0 

t-i-O 

uniformly on Bjii{a) for any i?' < i?, we derive (|6.4p . □ 
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Proposition 6.7 For any relatively closed S £ fl, the set Us,q{CI) is not empty and it 
admits a minimal element q and a maximal element us.o- 

Proof. Step 1: Existence of a maximal solution. The maximal solution is constructed by 
thickening £7 and S in defining for < 

fj^ = {a; e : dist (a;, rj) < a}, S„ = {x eM.^ : dist {x,S) < cr} 

If z G dQ, we denote by the outward unit normal vector to at z. Since dQ is compact 
and C^, there exists (Jq > such that for any {z,a) G dft x [Octq], the mapping 11 : (z, cr) i-> 
z + ariz is a diffeomorphism from dft x [0, ctq] to Q'^^_^ := Qcra \ ^- The mapping 11 defines 
the flow coordinates near dfl. 

If < (5 < cr, there exists a unique solution u = Un,a,s of 

dtu - Am + t"u9 = in 

u = Q in af^^ X (0, oo) (6.21) 

u{.,^) = nxsi^ in 

Notice that Ss is closed in Vt^ and inf{|z — z'\ : z G S^^z' G fi^} = 8 — a. Existence is 
standard as well as uniqueness in the case where £7 is bounded. If fi"^ is bounded the proof 
goes as in the uniqueness proof in Proposition 16.101 When n — > oo, {un,a.s\ t u^^g which 
is a solution of (|1.6p in . Since Un.c^s satisfies (|4.ip . for any r, r > and any a G 

cJSIct, Un^cr,s remains uniformly continuous with respect to n in Qoo" (^r(a) x [2^^''", 2t]) . 
Consequently Ucr.5(x,t) = on Silcr x (0, oo) n [Br{a) x [2~^r, 2r]). Therefore Ug-.a vanishes 
on dfla X (0, oo). If a G f^o- and dist (a, 5^) = r > 0, u„^cr,<5(a;, i) < wb^{x — a, i) in ^^^^(a). 
This implies that Un^a,s remains uniformly continuous with respect to n in Br' {a) x [0,T) 
for any < r' < r and T > 0. Since Un,a-,s{x,t) — > in Br'{a), Ua-^s inherits the same 
property. Consequently Ug-^s has initial trace {Ss,0) in flcr- By the maximum principle the 
mapping (n, S) Un^^.s is increasing with respect to n and decreasing with respect to S. 
Furthermore, if < 5' < cr' < cr and < S < a, there holds Un.a',S' < Un,a,5 in QS?', which 
implies u^i^s' < u^^s- We define 

us,o = lim lim lim Un.a,s- (6.22) 

Then us.o is a solution of (|1.6p in Q^. Since limt_j.o Ua,s{x, t) ^ uniformly on any compact 
subset K G TZ = il\S, us^q has initial trace on 7?.. If a G S, we denote by Moo, a the 
function defined in by 

t) if{x,t)eQ^ 

uo.A^,t)-<^ Q if (x,t)GQSr\QS> 

Then Uoo,a is a subsolution of (jl.6p in which is smaller than Uoo,a,a which is the limit, 
when fc — >■ 00 of the solution Uks^^a of 

dtU - Am + Pm« = in 

M = in 917,, X (0, 00) (6.23) 

u(., 0) = k5a in ^1^. 



25 



There holds, by Theorem [ 

Ua,six,t) > Moo, a, a > Uoo,a{^,t) V(a;, € . 

Letting successively (5 — > and cr — > yields to us,o > Uoo,a = Uao,a in ■ Therefore any 
a € iS is a singular initial point of us.o- Since S U TZ = fl, it follows that tr^iu) — (5,0). 
Since Ucr,5 satisfies (|4.ip and dQ.c has bounded curvature, independent of cr, there holds 
classicaly 

\\Iua,s{x,t)\ < ct~^ V(x,t) G dn^ X (0,cx.). (6.24) 
If z G dn and then by the mean value theorem there exists 9 G (0, 1) such that, 

_ g + Q 

< Ucr^siz, t) = Ua.s{z + 0X1^,1) — (T\7Ucr.s{z + 6'crnz, t).!!^ < Cat . 

This implies that us.o vanishes on dfl^ x (0,oo). 

Let u be any positive solution of (|1.6p in Qj^, vanishing on dU x (0, oo), with initial trace 
{S, 0). For < S < a fixed and for i?, e > 0, there exists > such that, for any r S (0, t^], 

u{x,T)<e \fxeBRnn\Sa. 

This is due to the fact that u{x, t) — )■ when r — 0, uniformly on compact subset of 
Bii n TZ. Assume that is unbounded (the case where is bounded is simpler since it 
does not require to introduce the barrier wbh) and let i? > large enough so ff^ C Bj^. By 
(|4.ip - (j4.3p there exists < ri < tq such that for any r e (0, ri], 

u{x, t) < WBr{x, t) + Ua,s{x, t) Vx e Br H fl Scr- 

Furthermore u{x,t) < WBaix^t) for all i > and x e OBr f] fl. Since e + wbr + u„^s is a 
supersolution for (jl.6|) in Br n il x (0, oo), it follows that 

u{x, t) <e + WBii{x,t) + Ua,s{x, t) y{x,t) £ Br nil X {0, oo). 

Letting successively (5— >0, cr— >0, i?— >oo (here we use the fact that WBa{x, i) — > when 
i? -> oo by Proposition 13. 4p and e — ?> yields to u < ?l5,o. 

Step 2: Existence of a minimal solution. The set Us,q(CI) is not empty since it contains us.o 
and we may define 

^5,0 = sup{uoo,a : a G S}, (6.25) 

and 

{i5 = inf{u : u £ Us.o{n)}. (6.26) 

The functions usfi and us^q are respectively positive sub and supersolutions of (|1.6p in Q^. 
They are bounded from above by us,o a-nd from below by Uoo,a for any a £ S. Since Uoo,a < u 
for any a £ S and u £ Usfii^)-, it follows that us.o < ^5,0- Therefore there exists a solution 
2ls of (|1.6p in which satisfies and 

"5.0 < Hs.o < ""s.o- (6.27) 

This implies that Ug q has initial trace {S, 0), it vanishes on dft x (0, oo) and it is therefore 
the minimal element of Z/^5.o(ri). □ 
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Remark. If dist {S, 51^) > 0, it is not needed to replace f2 by a larger set fla in order to 
construct the maximal solution. The construction of us,o can be done in replacing Un,(T,s by 
the solution u — Un^a of 

dtu - Au + = in Qj^ 

u = in9f7x(0,oo) (6.28) 

u(.,0) = nxs^ in f], 

with (5 < 5o dist (5, Vl"). 

The next result is an extension of Proposition [521 

Proposition 6.8 Assume a > —1 and \ < q < Qc^a- Let be a sequence of positive 

solutions of U.6\) which converges to u locally uniformly in Q^, and denote by (iS„,/i„) and 
{S,fi) the respective initial trace of Un and u. If A is an open subset o/ n„7?.„ and /in (.4) 
remains bounded independently of n € N ( where TZn ~ ^\Sn and TZ — fl\S), then A d TZ 
and XAl^ri XaI^ weak sense of measures. Conversely, if A d TZ , then for any 

compact K d A, there exist Ck > and uk G N such that /i„ {K) < Ck for any n > uk ■ 

Proof. Clearly (I2.14p holds. We keep the notations of the proof of Proposition 12.21 where 
the first statement has been proved in assuming Bf{z) C A. Since fin{A) remains bounded, 
there exists a subsequence {nj} and a positive measure /i' on A such that finj m' the 
weak sense of measures in A. Then u^^ ( converges locally uniformly in QoJ^ to the 
solution Uv „' of 

dtu -Au + t°'u'' = in Q^^^""^ 

u = in aS?(z) X (0,oo) (6.29) 

w(-:0) = Xb,-,(,)M' inSf:(z). 

Since q < qc.a, the convergence of u^^ ( j/^n ^'^'^ t^u"^ ^ respectively to u^^ ( ^'^'^ 

ru^^ ^ holds in L^{Q^^^"-^) for any T > 0. Relation (|2:2T|) reads 

<Un{x,t) <u^^^^^^^,^{x,t)+WB,(z){x,t) inQ^^W. (6.30) 

(see Proposition l3.3p . Then and converge to u and t°'u'' respectively, in L^{Q^'^'"^^) 

for any r < f. From (|2.17p . we derive 

{~u{Ct + AC) + (t"u'^) dxdt = [ C{x,0)dn'{x), (6.31) 



for any C, € Cl'^'^{Q^ ) which vanishes for t large enough. This implies that fi' is the 
initial trace of u in Br{z), i.e. Xb^(^)M' = Xs^i^yl^ Xb,.(^)/^" ^ Xb^c^)/^- Using a partition 
of unity, we conclude that XaI^^i X^M- 

Conversely, we assume that there exist a compact set K d A and a subsequence 
such that finj{K) — >■ oo. Thus, using the diagonal process, there exist z (z K and another 
subsequence that we still denote such that 

lim ^njiBe{z)) = oo Ve > 0. 
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Therefore, we can construct a subsequence {uj^} C {nj} such that 



''3* \ 2 

when n,-. — > oo. Since the solution „ of 

2 

atW-Au + pM« = in g^"'^^ 

M = in dBf{z) x (0, cx)) (6.32) 

ui;0) = _^ (,)M„,^ in Bf{z). 

2 

converges to u^j^^ which is the hmit of the sohition Uf^s^ of (|6.32p with initial data 0) = 

kSz, and is dominated by w„^.^ in Q^' we conchide that u > u_^g in Qrp'' , which 
impUes that z € S, contradiction. □ 

Proposition 6.9 Assume ui and U2 are two positive solutions of in with initial 
trace (S,^). Then for any a gTZ and R> such that Bj^ia) C TZ, there holds 

\ui{x,t)-U2{x,t)\<WBn{x-a,t) y{x,t) e Q^"^"^ (6.33) 
In particular hnif_i.o \ui{x,t) — U2{x,t)\ — uniformly on any compact subset ofTZ. 

Proof. Since u and u' are solution of (|1.6p and Bjf {a) G TZ, for any i — 1,2, R' < R and 
T > 0, 



t'^u Ax,t)dxdt + I I , u j (x, t) dxdt < oo, 
furthermore 

lim / u,{x,t)ax)dx^ [ ax)d^i{x) Q C ,{B da)) ■ 

This implies that Ui has a Sobolev trace on diQ^'^'""'^ which belongs to and they are the 
limit, when fc — >■ cx) of the solutions Ui^k of 

dtu- Au + t"\u\''^'^ u = inQ^*^"^ 

M==min{fc, Ui[ B^(a)} in SfQ^^'-"-' (6.34) 

u{., 0) = /i in B'p,{a). 

Since U2,fc + wb'^^ {- — a) is a supersolution 

ui.fe < U2,fe + WB'^i- - a) \ui^k - U2m\ < Wb'„{- - a) in Q^^°'\ 

Letting k oo, R' to R, we derive (|6.33p . The second statement is a consequence of the 
fact that limt_>.o wbr{- ^ ct) = 0, uniformly on by Proposition 13. 31 □ 

Remark. The previous estimate does not use the fact that dVL is smooth and bounded. If 
the Ui belong to Us^f^{Q), estimate (|6.33p can be improved since the Ui vanish on diQ^'^°'\ 
and we obtain, 

\ui{x,t) — U2{x,t)\ <v[i\n^WBR{x — a,t),Cat^~^ V(x, e Q^"^"^ (6.35) 
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Proposition 6.10 Assume ft C M.^ is either M.^ or an open domain with a compact 
boundary, a > — 1 and 1 < q < qc,a- Then for any measure fi in such that /^[n^^G 
^''^'^{^r) where ilji = flD Bj^, there exists a unique solution to 



dtu - Au + t" lu]"^'^ u ^ inQg 

u = in diQ^ (6.36) 

0) = /i in £7, 



and the mapping fi i— >■ is increasing. Furthermore, if is a sequence of positive 

(a 

{Uf^^} — )■ locally uniformly in 



measures such that fj.nlnn.& ^^+'{^r) which converges weakly to /i[o^e dJt^''{ilR), then 



Proof We recall that m is a solution of (|636)) if u e LL(QS>). I^T G LjodQ^'^t^pdxdt) 
satisfies 

(^-uidtC + AO+t^lul'-^C^dxdt^ J Ci;0)dt^ (6.37) 

for any test function ^ G C'o'^'^(QS))- When Q is bounded, existence, uniqueness and 
stability are proved in [3]. Thus we assume that n is unbounded and we assume R > Ro 
such that Q'^ C Br^. There exists a unique solution ur of 



dtu - Au + t"' lu]"^ ^ u ^ inQ^ 

^ oo 



u = in diQ^^ (6.38) 

u{.,0) ^ ^[fia in rJij. 



The function ur is nonnegative, R ur is increasing. For i? > _Ri, admits a Sobolev 
trace on OBr-^ x (0,r) which is an integrable function, and ur, is the unique solution of 



dtu — Au + t" \u\'' ^u^Q in Q^f 

u = in dfl : 

u = fR^ in 95/ 

M(-,0) = MLnRi in f^fli 



u = in 9r2 X (0, oo) ^g-j 

u = /fli in aSfli X (0, oo) 



Furthermore, urI r;^^ = limm_yoo Vm, where Vm is the unique solution of (|6.36l) where the 

boundary data on OBr^ x (0, oo) is replaced by — /fli A to (to e N*). Let be the 

unique solution of 

dtu - Au + t"' lul"^^ u = ing2f' 

u = in (9ri X (0, oo) ,„ 

/ N (6.40) 
u = in x (0, oo) ^ ^ 

M(.,0) = MLnRi inf^fli, 

If wsffj is the barrier function in Q^f^ which has been constructed in Proposition 

vri + wbji-^ is a supersolution for problem (I6.39p . Since it is larger than v„i in Q^f^ for 
any to > 0, there holds ur < v^-^ + wbj^^, for any R > Ri. Then ur f which is a 
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solution of 11.61 in Q^. By Proposition 13.41 wb^i remains uniformly bounded in Q^' for 

any Rq < R' < Ri. Therefore shares the same property. If C S C'c'^'^('3cx)) vanishes on 
Q^) and for |x| > i?' > i?o, there holds for R > R' > Rq and T > 0, 

{-UR{x,t){dt(; + AC) + Ct"u%) dxdt / C{x,0)dn{x)- / C{x,T)uR{x,T)dx 



(6.41) 

If we let R ^ oo we deduce by the monotone convergence theorem that is a weak solution 
of (j6.36l) . This proves existence. 

For uniqueness, we consider and u'^ two solutions of (j6.36l) . By the same argument 
as in the existence part, for any R > 0, u^, is smaller than the supersolution u'^ + wbr-^ in 
Q2^. Since lim/^^oo = by Proposition 13.41 we obtain < u'^. Similarly u'^ < u^j^. 
Uniqueness implies the monotonicity of the mapping /i i— > 7^^. 

For proving the stability, assume {/x„[nfl} converges to in the weak sense of mea- 

sures in djtl''{VLR) for any R > Rq. Then the sequence of solutions Vn,R of 



dtu - Au + lu]"^ ^ u ^ in g*^" 



oo 



u — in dfl X (0, oo) 

u = in dBfi x (0, oo) 



(6.42) 



u(.,0) = /x„[n„ in 17 



converges to the solution vr of ()6.40p with i?i — R. In particular Vn,R — >■ vr and ^ — 
in L^{Q^'^) and by standard regularity result the convergence oivn^R towards vr holds 
uniformly on VIr x [e,T] for any < e < T. Furthermore < ■y^^fl + Wrr in This 
jointly with standard local regularity results for heat equation, implies that {u^^} remains 
uniformly bounded and hence relatively compact for the topology of uniform convergence on 
any compact set of x [e, oo). Thus there exist a subsequence {Mp„^} and a function u* e 

C(q2)) such that u^^^ u* locally uniformly in f7 x (0, oo). Since ^it^^ < 

there also holds by the dominated convergence theorem — >■ Pu*^ in L\^^{^1 x [0, oo)). 

Henceforth letting n/j — oo in the expression 



(-«M..(2^:i)(5tC + Ac) + a""^„J 



dxdt 



(6.43) 



C(x,0)d/x„j^(a::) - / C(a;, T)w„ Ja;, T)da;, 
n Jn 



where C G Cc (Qoo); '^^ conclude that w* = and that u^. □ 



Proposition 6.11 Assume F is a non-empty relatively closed subset of fl, TZ = n \ F and 

^I e m+{n). if we set 

df,F = {z G F : /^(7^ n Briz)) = oo, Vr > 0}, (6.44) 

then dfj,F is relatively closed in VL. IfTZ^^ = D, \ d^F , it contains TZ and if fi* is the measure 
defined in TZ^ by ^ on TZ and in TZ^ H TZ'^ , then there exist a minimal positive solution 
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w^. and a maximal solution u^. of il.6\) vanishing on dfl x (0, oo) satisfying trfi{u) = 
{d^F,fi*). Furthermore u^, andUf^i* are respectively the minimal and the maximal element 

ofUo^F,f,'{^)- 

Proof. The set dfj,F is the blow-up set of the measure /i. It is clearly a relatively closed 
subset of n included into Tl\TZ. 

Step 1: Existence of a minimal solution. For 5 > 0, we denote (d^F)s := {x £ fl : 
dist (x, d^F) < 6} and TZ'^ — n \ {d^F)s C 7^^. We define the Radon measure us on Q by 



/i on n 7^ 

on F U {d^F)s 



Then is a positive Radon measure in and by Proposition 16.101 problem (j6.36p with 
initial data admits a unique positive solution u^^ . Furthermore the mapping S i— ^ is 
nonincreasing, and we set u^, = lim5_>.o Ufj,^ . Then u^, is a positive solution of (|1.6p in 
which vanishes on dfl x (0, cx)) and has initial trace If a e TZ^, there exists R> 

such that B]i{a) C TZ^ and Sa > such that Bii{a) C 7?.^ for < ^ < (5a, that we assume 
below. By the maximum principle there holds 

v^/i{x,t) < us{x,t) < Vf_,^{x,t) + wbr{x - a,t) in Q^^°'\ 

where v^^ is the solution of 

dtu - Au + P?^-? = in Q^^"^ 

« > in Q^"*-^^ 

u{x,t) = in dBfiia) x (0, oo) 

u{., 0) = fisXBaia) in Bi?(a). 

Letting 5-^0, then fisXBR{a) t t^*XBR(a), which yields to 

^A'Hi.^.Ca)!^;'^) <li^-(2;,i) < v^,i^^,^^{x,t) + WBa{x-a,t) in Q^«(°). 

By a partition of unity, it implies that for any e Cc{TZ^), we have 



lim / Ufj,'{x,t)C{x)dx = / C,d^*{x). 

Therefore C 7^' and m'Lk^= A**- If ^ e 7^' n (7^^)^ = 7^' n n*{Br{z) n 7^^) = 

fi{Br{z) mZ) = OO for any r > while there exists ro > such that fi'{Bra{z)) < oo. 
By Proposition 16.81 for any r' < r^ there exists C > such that fis{Br{z)) < C. By 
the monotone convergence theorem, it implies iJi{Br{z) DTZ) < C, which contradicts the 
definition of 5^F. Thus S' = and trn{u^,) = [d^F,^*). 

Let us assume that is unbounded, i?o is such that C -B_r„ and VLr = ^ICi Br for 
R > Rq. Let S,e > 0, there exists such that 

Uf,, {x, r) < e \fix,T)enRn (d^F) . x [0, r,] (6.45) 
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Let u € Ud^F^i* {^)- In order to compare and v := u + wbr + e in fi/? \ (S^F) ^ x (0, t^] 
we see that 

(•> 0) = X^. < ni; 0) = X^. 

and both are bounded Radon measures. Since ^^^^(tjO) < v{x,t) in d{ilu \ {d^F)5) x (0,Te] 
and w is a supersolution, it fohows that u^^, < w in flu \ (^^F)^ x {0,t^]. Using (|6.45p we 
conclude that 

Uf,,{x,T)<vix,T) V(x,t) e rJfl X [0,Te]. (6.46) 

Next, applying the comparison principle in flfj x [t*,oo) between the solution m^^, and the 
supersolution u + e + wbj^, we conclude that (I6.46P holds in V.^ x [t,oo) and thus in Q^. 
Letting successively R — > oo, e — >■ and (5 — >■ 0, we conclude that u^, < u, thus u^. is the 
minimal element of lAd^^F,^i' {^)- 

Step 2: Existence of a maximal solution. Let 5 > and u G Ug^F,ti* i^)- By Proposition l6.9[ 
for any R > and e > there exists such that 

<liM*(2^'*) +^ V(x,t) e X (0,T,], (6.47) 

and by (|4.ip . u{x,t) < Cat'^'^ . Let r g (0,Te] and w^,,- be the solution of (|6.36p in 
with initial data /j, replaced by 

J u .(a;,r) if a; G l^i? \ (5^^)^ 

By (|6.47p . (j6.48p and the maximum principle, 

M(x,t + r) < W5,^(a;,t) +e + u;B^(x,i + t) \/{x,t)eQ^. (6.49) 

Let u^Q^p^^ be the maximal element of Z//(a^p')^^o(^)i which exists by Proposition l6.7l Then, 
by (I4.3p . for any ^' > 8, there exists r^/ € (0, r^] such that for any t S (0, r^/] 

max{w^.(.,.+T),?I(a^^j.),(.,.+T)} < wa^^ < u^. (., .+r)+U(a^;.)^,, (., .+t) in . (6.50) 

Up to a sequence {t„} converging to 0, {ws^r„} converges, locally uniformly in to a 
solution W5 of (|1.6p in which satisfies 

max{u^.,U(a^^f.)J < W5 < M^. + in . (6.51) 

We can replace 5' by ^ in this inequality, this proves that wg vanishes on deQ^ has initial 
trace (^5, {d^iF)s), therefore (j6.49p becomes 

u{x,t) < ws{x,t) +e + wb„{x, t) \fix,t)eQg'^. (6.52) 

Letting successively R ^ 00 and e — >■ we deduce that wg is larger that any u G Ug F41* {^) 
in ■ Since hs^r decreases with 6, ws shares this property and the limit, denoted by m^. 
is a solution of (jl.6p in which vanishes on deQ^ which is large than u, thus it is the 
maximal element of hlQ^F,^L* {^)- D 
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Proposition 6.12 Under the assumptions of Proposition 16.111 we set Fs := {x d Q 
dist (a;, F) < 6} and TZs := ^ \ Fg C TZ. If we define the measure fis in Q. by 



/i on TZs 

on Fs, 



then Ufi^ t u* when S 10. 



Proof. There holds jls < ^J■s which implies Ufi^ < u^^ . When (5—^0, u^^ t i** < u^* , thus 
M* is a positive solution of (I1.6P in which vanishes on dgQ^. Then trn{u*) — (S" , ^") 
and S" C d^F and /i" < /i* on 7?.^. Furthermore /i" = /i = /i* on 7?., as in the proof of 
Proposition [on Since ^* = on \ 7^ it follows that ^" ^* on W. Let a e 7^" n a^F 
and it! > such that Bfi(a) C 7^". Then ^"(;Bij(a)) < oo. Therefore 

n"(BR{a) n 7^) = fi(BR{a) n 7^) < oo, 

contradiction. Thus 5" = a^-F and tr^iu*) — {df^F, /i*). Since u* < u^. and u^. is minimal, 
it follows that u* — □ 

Proposition 6.13 Assume v £ C(ri x (0, oo)) is a positive sub-solution (resp. supersolu- 
tion) of in which vanishes on diQ^. Then there exists a minimal solution 7r+(t;) 

larger than v (resp. a maximal solution 7r_(u) smaller than v and vanishing on d£Q^). 

Proof. Assume u is a subsolution. Let r > and let Ut be the solution of 

dtu ~ Au + t^ui =0 in 17 X (r, oo) 

u>0,u = inarJx(r,oo) (6.53) 

u{., t) = t) in fl. 

Existence and uniqueness follows from Proposition 16. lOl Furthermore > w in x (r, oo). 
This implies that for < t < t', > Ur'. Since Ur{x,t) < Ca{t — t)~'^ , there exists 
TT+{v) = limT-_j.o Ur, and 7t+{v) is a positive solution of ()1.6p in and is larger than v. If u 
is any positive solution of (|1.6p in Q^, vanishing on d£Q^ and larger than v, for any r > 
it is larger than t), thus it is larger than u,- on 17 x (t, oo). Therefore u > tt^(v). 

Assume now that m is a supersolution. We define Ur by (|6.53p . Then Ur < v and Ur < Ur' 
for < T < t'. Then 7r_(w) = lim^_s.oUT, and Tr^{v) is a positive solution of (|1.6I) in 
and is smaller than v, and thus vanishing on d£Q^. Similarly as above tt^{v) is larger than 
any positive solution smaller than v. □ 

Theorem 6.14 Assume ft C is either M.^ or an open domain with a compact 
boundary, a > —1 and 1 < q < qc.a- Then for any v w {S,fi) G ©^"^^(fi) there exist a 
maximal positive solution u^.^ and a minimal positive solution ^ of U.6\) in vanishing 
on on X (0,oo) with initial trace v. Furthermore, i/inf{|z ~ z'\ : z ^ S,z' £ ri"^} > 0, then 
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Proof. Step 1: Construction of the maximal and minimal solutions. The functions u^, t 2is a, 
Ufj,- and us,o have been defined in Proposition lG . f ll and Proposition l6.7l Since sup{u^* , Ug q} 
is a subsolution of (jl.6p which is smaller than the supersolution m^. + M5,o we set 

(0 = '^+(s^P{^A'*'^,o}) ^nd (m) = 7r_(u^. + M5,o)- (6.55) 

Then Ug ^ and us,^ are solutions which satisfy 

sup{w^. , U5,o} < ^ ""5,^ < ""m- + %,o- (6.56) 

Therefore u^j ^ and w^,^ vanish on dpQ^, they have initial trace ^ on TZ and are larger 
than any Moo,a for a £ S (notice that 9^5 C 5). This implies that Ug ^ and us.fi belong to 

Let u € Us^^{il). Then for cr > (5 > and e, i? > 0, there exists ri > such that 

u{x,t) < Ua,s{x,t) for (a;,i) £ (5| nfifl) x (0,ti]. 

There exists T2 G (0, ti] such that 

u{x,t) < M^. (x, t) + e + WBjj (a;, i) for (x, t) G (f2_R \ 5| ) x (0, T2] . 

Therefore 

u(a;,t) < u^^s{x,t) + u^^{x,t) + e + WBn{x,t) for (x,t) G x (0, T2]. 

Therefore 

u < Ua,s + Up* + e + in (6.57) 

Letting successively R — )• 00, e — > 0, (5 — > and cr — > we obtain u < usfi + u^i*, and 
therefore u < 7r+(u5^o + %*) = u^,^. Next, we also have 

u > us,o sup{Moo,a : a e S} u > u^ q ^ n+{iisfi), 

by (|6.25p . With the notations of Proposition 16.121 with F = S, for any R > 0, S > and 
e > 0, there exists such that 

(^' < ""(a;, t) + WBn (x, t) +e in ri_R X (0, r^] , 

because the support of jls is included in V,\Ss. Therefore this last inequality holds in Q^^ 
and consequently 

sup{-u/i, , U5 0} <u + e + WBn in QSf > 

and we can let R ^ 00 and e — > to obtain supju^^, q} < u in Q^. Letting 5 — >■ and 
using Proposition 16. 121 we get sup{u^. , Wg ^} ^ ^^5,^ — ^■ 

Step 2: Alternative construction. For < S < a and n G N.^ we denote by Un.a-.s,fi the 
solution of 

dtu -Au + t°'u'i = in 

" - ° in QSr .ON 

u{x,t)={) inSfOSr 
u(.,0) = ^5 + "X^s in fJo-. 
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We denote here ^ {x & : dist (x, f7) < a}, Ss = {x & R'^ : dist(x,5) < 6} and 
TZs = flf] Sg and fis = XKjM- The same arguments of monotonicity as in Proposition 16.71 
and Proposition 16.111 show that 

lim Jim lim = u„,<t,a> = ms,^. (6.59) 
If r > we denote by ^ ^ the solution of 

in 

' c 

u > in 



dtu - Am + Pu« = in 

^ oo 



(6.60) 



oo 



(.,0) = /^A-+X U5 o(.,t) in rj, 



Using estimate ()6.3p and Proposition 16.91 is is easy to prove that u^-s^ < u for any u G 
Usfl{^)- Furthermore 

since have 

l + Q 1 

by (EH) with = 1. Set c(5, t) = C ff-j ' ' ' e^fc, then 

max{u^,,M^_^^„_^^(.^^)} > max{u^,,U5 o(.,T) - c((5,r)} > max{u^,, o(., r)} - c(J,r). 

Therefore, if u^^ g^^ — )■ Uo,i5./i locaUy uniformly in Q^, then Wg is a solution of (|1.6p in 
which satisfies 

max{M^,,U5 o} < u^ o,^ < +li5.o> (6-61) 
and is smaller than any u £ Us_o{fl). There exists (5„ such that Uq s„ ^ ^ ILo o ^J,■ Then 

max{M^. , uj ol < ug < u^. + q, (6.62) 

and Uq q ^ is an element of Us_o{Q) smaller than any u £ Usfi{Q). Thus Uq q ^ ~ ^ and 

lim lim jt ,, — u<r ,,. (6.63) 



S'iep 5.- Proof of l^6.54\ l- We assume inf{|z — z'\ : z £ S , z' £ fi'^} = (5o > 0, so that we can 
take cr = in the construction of u^.^. Put t = (^)^^ ^i^id 

Then u; = Wn,s,tj. satisfies 

d,w -Aw + t» (ul g^^ - ulg^, - u%^^ + u%^,) (6.65) 
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(6.66) 



in and we can write 
where 

— Q Q 

^n.(5,u ~ l^T.i.u .„ _ , 

if u„,a;^ = 

and do is defined accordingly. Since 

u„,5,^ > u\a.^{u^ g^^.Un.sfi) and u^^g < min{u^ ,5^, u„,5,o}, 
tfiere holds > (Iq > by convexity. Using the fact that Un.s,o — ]At so — ^ infers that 

Finally (|6.65p becomes 

9tw - Aw + < inQ^,- (6-68) 

Furthermore, in the sense of measures, 

u>(., 0) + nx5, - nxs, - + Xs,as,o(-' ^)) + Xs, Ws,o(- = 0- 
Because w = in dgQ^^ it follows w < by the maximum principe. Therefore 

Zn,S,ti < Z_T.5,,i =^ UnJ,tJ. - ULT,S,tJ. < Un,S,0 ~ Ut,S.,0- (6.69) 

If we let successively n — oo (and therefore t — ^ 0) and 5 — > 0, we obtain (|6.54p . □ 

Remark. We do not know if (|6.54p holds if we do not assume inf{|z — z'| : z e 5, z' e fi^} = 
6o > 0. However, if for > we set Se ~ S D {x E il : dist {x, ff^) > 9}, then we have 

USe,l^ - Ws,,p < USo,0 - li5(,,0- (6-70) 

Furthermore all the four above functions increases when 9 decreases to 0. If we set 



(«) lime^o use^p "fS,Ai 

(m) lime_j.o usg ,o = "5,0 

(m) lime^owss,^ 

(w) lime^oM^.^o =li5,o> 



(6.71) 



then we infer that 



us,^, - iis^f, < usfi - U^ Q. (6.72) 

□ 

Our final result is the following existence and uniqueness theorem the proof is close to 
the one of [3 Th 3.5], therefore we present only the main ideas and the needed changes. 
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Theorem 6.15 Assume O C is either or an open domain with a compact 
boundary, a > — 1 and \ < q < qc,a- Then for any v ss (S^\i) € ^^'^^(fl) such that pfi is 
bounded in any neighborhood of dfl and inf{|z — z'\ : z £ z' d Q"^} > 0, the set Us^fj_{Q) 
contains one and only one element. 

Proof. We assume that S ^ {0} otherwhile uniqueness is aheady known. Thanks to (|6.54l) 
it is enough to prove that M5.0 = "5 o- 

Case 1: Vl = K^. For ct > and a G 5 set Va{a) = {{x,t) G Qoo : k - a| < (t^/I} and 
Va = Ua <£ Va{a). Because of (j4?T|) . (|5^ . (lOj) and $1^ . for any cr > 0, there exists 
Ccr > 1 such that 

usfi{x, t) < C,Us,o{x, t) V(x, t) G Va- (6.73) 

Fix cr > 0. If ?/ G \ 5, we set r{y) — dist(y,5). Using Proposition 13.21 and estimate 
()3.12p . we obtain that 

usAx,t) < 2Nt-^W^ (^ r{y) -Jx - y\ \^ y{x,t) e qZ^'^^'^'I (6.74) 
If we take x = y in the above estimate, we derive from p.3p . 

2 l + a 

usAy,t)<C^(^^^ e-^(l + o(l)). (6.75) 
Since there exists z £ S dBr(^y){y), we have also from (|6.3p and (j5.6p 

U5,o(y,0>^^2(^^j ' e-^(l + o(l)). (6.76) 
Thus there exists C3 > 1 such that 

us,o{y, t) < Us,oiy> C'at). (6.77) 

For T > 0, we denote by m^r and U2,t the solutions of (|1.6p in Qt-.oo x (t, 00) with 

respective initial data 

Ui{x,t) ^C„u^o{x,t)xt,Jx,t) 

(6.78) 

"2(2;, r) = U5,o(a;, C3t)(1 - (a;, r)). 



Then ui + U2 is a supersolution of (I1.6P in Qr,oo- Therefore 

(ui + U2)(a;, t) > ?l5,o(a;, ''') Va; G => (ui + U2)ix, t) > usfi{x, t) \/{x, t) G Qr,oo- (6.79) 

Since CaUg g is a supersolution of ()1.6p which is larger than ui dX t = r, then ui < CaUg 
in Qt,oo- Next the function (a;,t) 1— >■ w{x,t) := 0(^1^ + (C's — ^)t) satisfies 

dtw- Aw + h{t,T)t'^w'' ^0 in Qr.oo 

wi.,T)^u^^„{.,C3T) inR^ 
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where 
Then 

h(t, t) < Ci := niax{l, C^} Vt > r. 

This impHes that C^'"'^ "'^■'w is a supersolution of (|1.6p in Qr, oo which is larger than U2 for 
t — T. Thus it dominates U2 in Qr.oo- Combining the above estimates on ui and W2 with 
(|6.79p . we derive that for any r > 0, there holds 

USfi{x,t)<C5{us,^{x,t+{C^-l)T)+lU;^Q{x,t)) y{x,t) e Qr^oo- (6.80) 

where C5 = max Letting r — > we finally obtain the key estimate with 

C = 2C5, 

"5,0 < Cusfi in Qoc- (6.81) 

Then end of the proof is the same as in 7, Th 3.5], but we recall it for the sake of com- 
pleteness: If us.o 7^ then strict inequality holds. For < /3 < the function 
^ — Us ~ 0^(^5,0 — Us a) is ^ supersolution of (|1.6p in Q^o (this due to the convexity of 
r i-> r"?) which satisfies (3ug q < u < Ug q. For < 7 < /3, the function 7?^ q is a subsolution 
smaller than u. Then there exists a solution u' of (|1.6p in Qoo which satisfies 

7^4s — — ^ *^ 0- (6.82) 

This implies that tr-^N (u') = (5, 0), which contradicts the minimality of Ug q. 

Case 2: dfl is nonempty and compact. Again the proof is similar to the one of [71 Th 3.5]. 
We denote by m§ g and Ug q the minimal and the maximal solutions of (|1.6p in with 

initial trace {S, 0) and we assume that dist {S, il'^) = 6 > 0. We also set m^'^ = 2ls.o ^^'^ 
Q — ug^Q. Clearly u^q < us,o in Q2o- Furthermore, if we denote by k(t) the maximum 
of 1*5.0(2;, t) for X e dil, then limi_^o k{t) — (this is due to the fact that dist {S, ff^) > 0). 
Clearly, the construction of the minimal solutions shows that Ug Q ix,t) < 7ig_o(x,t) + fc(i) 
in Q^. Therefore 

zlg,o(^,0 < 1^,0(2^: i)+fc(i) y{x,t)eQ^. (6.83) 

If we fix r > 0, t i-^ M§ g(a;,t) + k{t) is a supersolution of (|1.6p in which is larger that 
?I§ q(x, t) at t — T. This implies 

u2,oi^,t)<iS,oM+^'i^) V(x,i)eQ5?,^. (6.84) 
If we let r — 0, we deduce that u§ ~ lis o- 
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